Abstract: For flow in a rigid open channel with no bed sediment, the achievement of the special state of stationary equilibrium yields a linear characteristic. To examine the existence of a linear characteristic in alluvial channel flow, this study presents a direct formulation of the special equilibrium state following a variational approach. It finds that a linear relationship between shear stress and width/depth ratio of alluvial channels emerges under the commonly identified flow resistance and sediment transport conditions. Most importantly, this linear relationship yields not only the theoretical equilibrium channel geometry that is very close to a widely identified empirical counterpart but also a nondimensional number H, defined as the ratio of the relative increment of shear stress to the increment of width/depth ratio. This study suggests that H needs to be adopted as a criterion of hydraulic similitude for modeling sediment ͑bed-load͒ transport in alluvial channels.
Introduction
Fluid motion is governed by the nonlinear Navier-Stokes equations, with which a nonlinear system gains a unique solution only when it reaches a special equilibrium state. The Navier-Stokes law also governs open channel flow. A unique solution of channel geometry appears when the energy of flow reaches the minimum level for achieving equilibrium. In an analogy to the dynamic motion of solid materials, Huang et al. ͑2004a͒ define this special equilibrium state in the dynamic motion of fluids as "stationary equilibrium." For flow in a frictionless fixed-boundary open channel, the stationary equilibrium state defines the critical flow depth, at which the following linear characteristic is exhibited ͑e.g., Henderson 1966͒:
where E p and E k = specific potential energy and kinetic energy of flow, respectively. Letting E p and E k be represented, respectively, with h and V 2 /2g ͑h = vertical distance from channel bed to water surface, or flow depth; V = average velocity of flow; and g = acceleration due to gravity͒, Eq. ͑1͒ leads the Froude number F to unity
Because in a frictionless fixed-boundary open channel, flow expends energy in the forms of potential and kinetic energy, Eq. ͑1͒ or Eq. ͑2͒ physically means that flow achieves stationary equilibrium only when the ratio between the two types of energy remains at an appropriate level. When the ratio cannot be maintained due to an excessive supply of energy, flow will be in a dynamic equilibrium form, in which the condition presented in Eq. ͑1͒ or Eq. ͑2͒ plays a role as an internal control ͑Chow 1959; Henderson 1966; Huang et al. 2004a͒ .
For flow in a frictional nonadjustable open channel, the stationary equilibrium state yields the best hydraulic section, which has the following linear characteristic ͑e.g., Chow 1959; Henderson 1966; Huang et al. 2004a͒: = p ͑3͒ in which = channel shape factor normally represented with the width/depth ratio of cross section and p = constant. When channels take a rectangular or a semicircular or a triangular cross section, p takes a value of 2.0 or 2.546 or 4.0, correspondingly ͑Chow 1959͒.
In a frictional fixed-boundary open channel, flow expends energy to overcome friction from channel boundary. Eq. ͑3͒ physically means that to attain stationary equilibrium, the wetted perimeter ͑channel boundary͒ is a minimum for a given crosssectional area. In this case, the channel shape is neither very wide and shallow nor very narrow and deep, so that energy expenditure achieves a minimum ͑Huang et al. 2004a͒ .
For flow in alluvial channels, however, it is unknown whether and on what conditions a linear characteristic exists when flow achieves stationary equilibrium. Nevertheless, the stationary equilibrium state of flow in all types of open channel is governed by the same principle-that of minimum energy ͑expenditure͒, or the principle of least action in the origin ͑Huang et al. 2004a,b͒. It is of interest to determine if linearity can be derived from the same principle for alluvial channels.
For this purpose, this study presents a direct formulation of the stationary equilibrium state for alluvial channel flow following a variational approach. To account for the effects of sediment transport, this study adopts a generalized bed-load transport formula that is based on the shear stress approach. It is then found that when alluvial channel flow achieves stationary equilibrium, a linear relationship between shear stress and width/depth ratio emerges under the commonly identified sediment transport conditions. It will be shown that the theoretically derived equilibrium alluvial channel geometry under the linear condition is very close to widely identified empirical hydraulic geometry. Most importantly, this study identifies a nondimensional number H from the linear relationship. By analyzing the physics underlying H, this study suggests that H controls the behavior of alluvial channel flow and is an important criterion of hydraulic similitude for modeling bed-load transport in alluvial channels.
Variational Formulation of Stationary Equilibrium State
For imposed water and sediment loads, alluvial channel flow achieves equilibrium when the following conditions are satisfied:
where Q c , Q, Q sc , and Q s = carrying capacity of flow for water discharge, the water discharge imposed to flow, the carrying capacity of flow for sediment discharge, and the sediment discharge imposed to flow, respectively.
Basic relationships of flow continuity, resistance, and sediment transport have previously been seen to be insufficient to explain the self-adjusting mechanism of alluvial channels and as a consequence several extremal hypotheses have been proposed. These include maximum sediment transporting capacity ͑MSTC͒ ͑e.g., Kirkby 1977; White et al. 1982͒, minimum stream power ͑MSP͒ ͑e.g., Chang 1979a ,b, 1980a ,b, 1985 , 1988 Quick 1993, 1998͒ , maximum friction factor ͑Davis and Sutherland 1980, 1983͒, minimum energy dissipation rate ͑Yang et al. 1981͒, and minimum Froude number ͑Yalin and Silva 1999, 2000͒. These extremal hypotheses, however, lack convincing physical justification ͑e.g., Knighton 1998͒.
Without predestining any extremal hypothesis, nevertheless, the recent studies of Huang and co-workers ͑e.g., Huang and Nanson 2000 , 2001 Huang et al. , 2004a ,b͒ have demonstrated that the physical mechanism governing the adjustment of alluvial channel cross sections can be explained directly with the basic relationships of flow continuity, resistance, and sediment ͑bed-load͒ transport. These studies have revealed three important findings. First, they show the necessity of reducing the number of independent variables through introducing a nondimensional channel shape factor into detailed mathematical analyses. Second, they demonstrate that among numerous forms of equilibrium channel geometry, unique channel geometry occurs when the efficiency of flow in transporting sediment load reaches a maximum. This unique section is defined as the most efficient alluvial channel geometry and characterizes what in a rigid channel with no bed sediment is termed the best hydraulic section when the sediment transport capacity of the section reaches zero. As these special equilibrium states characterize what in the dynamic motion of solid materials is termed "stationary" state, Huang et al. ͑2004a͒ defines them as the "stationary" equilibrium states of fluid motion. Third, they provide a convincing physical explanation of the cause resulting in the condition of maximum flow efficiency by deploying the physical principle of least action well developed in both classic and quantum mechanics. In a consequence, they argue that among the many extremal hypotheses, only the hypotheses of MSTC and MSP are true principles and can lead to the determination of stable channel geometries that are consistent with field observations from both stable canals and natural stream channels.
In these findings, two alternative approaches for formulating the stationary state of equilibrium for flow in alluvial channels are suggested: ͑1͒ minimizing energy gradient for given water discharge and sediment load; and ͑2͒ maximizing sediment ͑bed-load͒ transporting capacity for given water discharge and energy gradient. In comparison, the second approach involves much straightforward and simpler mathematical analyses and so is adopted here in the following form:
where ͑Q sc ͒ max = maximum sediment carrying capacity of flow; and = nondimensional shape factor of channel cross section.
To find the solutions of Eq. ͑5͒, the following variational equation against must be solved:
Because it is unclear what a complex profile of channel section natural streams can take at this stage, we regard the profile as a function with uncertainty in this study. Within the uncertainty, nevertheless, channel width is normally measurable and so can be regarded as a major independent variable. For these reasons, the variation of the shape of alluvial channel cross section is roughly illustrated in the following form:
where A and B = channel cross-sectional area and width, respectively. Letting h be the ratio of A / B, or the averaged channel depth, Eq. ͑7͒ leads to the following variational relationships:
where R = hydraulic radius of channel cross section. Because the carrying capacity of flow for water discharge is illustrated with the relationship of Q c = AV, the following variational relationship needs to be satisfied for flow to be in equilibrium, or Q c = Q = const:
For steady, uniform alluvial-channel flow that is turbulent and hydraulically rough, the following generalized form of resistance relationship is applied:
where c v = coefficient related to the rough degree of sediments composing channel boundary; S = energy gradient of flow; and x and y = exponents varying with channel bed form or flow regime. 
As a result, the combination of Eqs. ͑8͒ and ͑12͒ yields 1 h
The sediment carrying capacity of flow has been illustrated with numerous approaches, among which the shear stress approach has gained the most popular applications. For this, this study applies the following bed-load transport formula in an attempt to cover bed-load transport conditions as widely as possible:
where q sc , c s , 0 , c , i, and j = carrying capacity of flow for sediment discharge per unit channel width, a constant relating to sediment characteristics, the average shear stress, the critical shear stress for the incipient motion of sediments, and two exponents, respectively. It is apparent that the generalized sediment transport formula in Eq. ͑14͒ covers a wide range of bed-load transport formulas that have been developed in terms of the shear stress approach. These include the DuBoys ͑1879͒ formula that gives i and j equal values of 1.0 and the Parker ͑1979͒ formula that suggests values of −3.0 for i and 4.5 for j. In the special case of i = 0, the generalized formula in Eq. ͑14͒ also covers a wide range of available bed-load transport formulas. Typical examples are the MeyerPeter-Müller ͑1948͒ formula that gives j a value of 1.5, the U.S. Waterways Experiment Station ͑1935͒ formula that suggests 1.5Ͻ j Ͻ 1.8, and the O'Brien and Rindlaub ͑1934͒ formula that assigns 1.3 to 1.4 to j.
From the generalized bed-load transport relationship in Eq. ͑14͒ and the relationship of Q sc = q sc B, the following variational relationship can be derived:
Because 0 = ␥RS ͑␥ = specific weight of water͒, the variation of 0 against can be found from Eq. ͑13͒ for a given S as 1 0
Incorporating the expressions of dB / d and d 0 / d in Eqs. ͑13͒ and ͑16͒ into Eq. ͑15͒ produces
By letting dQ sc / d = 0, the specific point of = e , at which alluvial channel flow achieves stationary equilibrium in terms of Eqs. ͑5͒ and ͑6͒, can be determined from the following relationship:
which is equivalent to
It is noticeable in Eqs. ͑18͒ and ͑19͒ that when 0 / c =1 or 0 − c = 0 for the incipient motion of bed sediment, e = 2. When 0 − c Ͼ 0, e Ͼ 2. This implies that the condition of e = 2 defines the lower limit of channel form adjustment in stationary equilibrium. For general use, this limit is written as e l . For a rectangular channel cross section, therefore, the flow resistance and bed-load transport formulas presented in Eqs. ͑10͒ and ͑14͒ yield e l = 2 ͑20͒
Because in natural streams is generally larger than e l , the following conditions need to be satisfied in Eqs. ͑18͒ and ͑19͒:
It is noticeable in Eq. ͑21͒ that there is a turning point when i + j =1+x. This leads Eq. ͑21͒ to be expressed more specifically as
Furthermore, the following extreme conditions can be identified from Eq. ͑22͒:
where the superscripts Ϫ and ϩ denote that the concerned functions in Eq. ͑24͒ vary from smaller and larger values, respectively, towards the lower limit e l . As a result, the following generalized condition emerges as the solution of Eq. ͑22͒:
͑25͒
in which e u represents the upper limit of channel form adjustment in stationary equilibrium and can be determined from Eq. ͑22͒ as
As stated earlier in the adoption of the generalized flow resistance relationship in Eq. ͑10͒, x is a function of flow regime. Hence ͑i + j͒ * defined in Eq. ͑23͒ varies with flow regime in the form of Although ͑i + j͒ * varies with flow regime, Eqs. ͑25͒ and ͑26͒ show that in the situation of i + j ഛ ͑i + j͒ * , the variation of e is in the wide range of e l ഛ e Ͻ + ϱ in all three flow regimes. Due to sediment transport, nevertheless, i + j needs to be greater than zero, as can be directly seen in the situation of i = 0 in Eq. ͑14͒. This limits the variation of i + j to the range of 0 Ͻ i + j ഛ ͑i + j͒ * . In the situation of i + j Ͼ ͑i + j͒ * , nevertheless, the range of the variation of e is highly sensitive to the values that i and j take. As can be seen in Fig. 1 , an increase in the value of i + j leads to a dramatic decrease in e u in all three flow regimes. This means that if the range of the variation of e needs to be covered as widely as possible, i + j ought to adopt a value that is very close to ͑i + j͒ * . For example, if e varies within the range of 2-100, it can be found from Eq. ͑26͒ that i + j needs to take values of 1.58, 1.65, and 1.72, respectively, for the lower, upper, and flat-bed flow regimes. These values are only slightly larger than the corresponding values of ͑i + j͒ * ͑1.5293, 1.6005, and 1.667͒. When e needs to vary within the range of 2-500, the values that i + j can take become 1.54, 1.635, and 1.69, respectively, for the three flow regimes. They are almost identical with the corresponding values of ͑i + j͒ * and vary within the limited range of 1.54 to 1.69 among different flow regimes.
Most importantly, it can be identified from Eqs. ͑18͒ or ͑19͒ that the complicated nonlinear relationship under which flow in alluvium achieves stationary equilibrium can become a simple linear relationship when i + j = ͑i + j͒ * . This linear relationship is the focus of this study and the following parts of this study present a detailed investigation of the conditions leading to it.
Linearity in Relation to Bed-Load Transport
By assigning ͑i + j͒ * to i + j, the following simple linear relationship can be identified from the complicated nonlinear relationship in Eq. ͑18͒ or Eq. ͑19͒:
where i and j are interrelated in the following form according to Eq. ͑23͒:
Letting ⌬ 0 and ⌬ e be, respectively, the increments of 0 and e , Eq. ͑28͒ becomes
In the special case of i = 0, thus j =1+x, Eq. ͑30͒ becomes
As analyzed earlier, the values of i and j vary within the wide range of 0 Ͻ i + j ഛ ͑i + j͒ * or i + j Ͼ ͑i + j͒ * for the satisfaction of the general nonlinear condition of stationary equilibrium in Eq. ͑18͒ or Eq. ͑19͒. Nevertheless, the available bed-load transport formulas suggest that i and j take only certain values that tend to make Eqs. ͑18͒ and ͑19͒ become linear functions. In these formulas, the sum of i and j commonly falls right into or very close to the range of the variation of ͑i + j͒ * ͑1.5293-1.667͒. For example, the widely applied Parker ͑1979͒ formula gives a value of 1.5 to the term of i + j ͑i = −3.0 and j = 4.5͒, which is very close to the smallest value of ͑i + j͒ * , 1.5293, for the lower flow regime. In contrast, the DuBoys ͑1879͒ formula assigns 2.0 to the term of i + j ͑i = j = 1.0͒, which falls considerably away the range of the variation of ͑i + j͒ * . Perhaps because of this, the DuBoys formula has been less commonly applied and only regarded as a classic one. In the special case of i = 0, the commonly applied MeyerPeter-Müller ͑1948͒ and the U.S. Waterways Experiment Station ͑1935͒ formulas assign j = 1.5 and 1.5Ͻ j Ͻ 1.8, respectively, which largely fall into the range of the variation of ͑i + j͒ * ͑1.5293-1.667͒. However, the O'Brien and Rindlaub ͑1934͒ formula provides j a value of 1.3 to 1.4, which falls considerably away from the range of the variation of ͑i + j͒ * . This may provide an explanation as to why the formula has been less frequently applied.
In the special case of ⌬ 0 = 0, it is noticeable in the linear condition of stationary equilibrium in Eq. ͑28͒ that e = e l . This is also the condition under which flow achieves stationary equilibrium in a frictional fixed-boundary open channel. Hence the condition for flow in a fixed-boundary open channel illustrates only a special case of the linear condition for alluvial channel flow. This is because flow either in alluvium or in a fixed-boundary channel needs to spend energy to overcome boundary resistance. Hence the linear condition in Eq. ͑28͒ may not be applicable to flow in an open channel in which energy is expended dominantly in the forms of potential and kinetic energy, such as flow in frictionless fixed-boundary channels or in steep mountain streams. 
Linearity in Relation to River Channel Geometry
Besides the evidence from the values of i and j adopted in the commonly applied bed-load transport formulas, two criteria that can be drawn from observed river channel geometry provide additional evidence to the existence of the linear behavior for flow in alluvium. The first is the maximum value of width/depth ratio that occurs in natural rivers. Although detailed information on the true value of the maximum is lacking at this stage, observations suggest that the value can be up to 100. By assigning this value as the upper limit of e or e u , it can be calculated from Eq. ͑24͒ that to make e vary from 2 up to 100 in the situation of i + j Ͼ ͑i + j͒ * , i + j needs to take values of 1.58, 1.65, and 1.72 for the lower, upper, and flatbed flow regimes, respectively. In comparison with the values of ͑i + j͒ * ͑1.5239, 1.6005, and 1.65 for the lower, upper, and flat-bed flow regimes, respectively͒, these values are only slightly larger in the corresponding flow regimes. Hence the criterion that the maximum value of the width/depth ratio of river channels reaches 100 can be satisfied approximately with the condition under which flow behaves in a linear form, or i + j Ϸ͑i + j͒ * . The second criterion is the theoretical equilibrium channel geometry that can be derived from the general nonlinear condition under which alluvial channel flow achieves stationary equilibrium in Eq. ͑18͒ or Eq. ͑19͒. Because the condition is a function of i + j, a comparison of the theoretical results derived from the condition with empirically developed hydraulic geometry relations can directly reveal what an appropriate value i + j can adopt. As demonstrated in the following, this comparison is very effective in the situation of 0 Ͻ i + j ഛ ͑i + j͒ * . In the situation of i + j Ͼ ͑i + j͒ * , the comparison becomes less effective because as stated earlier, the values of i + j for the satisfaction of 2 ഛ e ഛ 100 are very close to ͑i + j͒ * . As is well-known, hydraulic geometry relations are determined by multiple variables. Nevertheless, they appear most commonly in the following forms when the effects of factors other than flow discharge Q, typically bank strength, channel roughness, and channel slope, are all taken as constants ͑e.g. , Park 1977; Rhodes 1987; Hey and Thorne 1986; Huang and Nanson 1995; Huang and Warner 1995; Julien and Wargadalam 1995; Huang 1996; Nanson 1997, 1998͒ 
In order to obtain theoretical equilibrium channel geometry that is comparable with Eq. ͑32͒, we consider only the special case of i = 0 in the following mathematical analysis of the complicated nonlinear form of Eq. ͑18͒. By doing so, a much more complicated mathematical derivation of equilibrium channel geometry is avoided. This simplification, together with the relationships of 0 = ␥RS and R = ͓ / ͑ +2͔͒h, leads the following theoretical equilibrium channel geometry relationship to be derived from Eq. ͑18͒:
For maintaining flow continuity, or Q = Q c = VA, and flow resistance law illustrated in Eq. ͑10͒, equilibrium channels need to satisfy the following relationship when the relationships of A = h 2 and R = ͓ / ͑ +2͔͒h are incorporated into Eq. ͑10͒:
͑34͒
By eliminating h from Eqs. ͑33͒ and ͑34͒, equilibrium channel shape e can be determined from the following relationship:
in which
It is clear that it is not possible to find solutions of f 1 ͑ e ͒ without making simplifications. For this, f 1 ͑ e ͒ is assumed to take simply the following power function:
This leads Eq. ͑35͒ to produce the following power-form relationship when only the effect of flow discharge Q is concerned:
In the same form of approximation, the power-form relationship of h = h͑Q , e ͒ can be found from Eq. ͑34͒ as
As a consequence, theoretical equilibrium channel geometry can be written into the following commonly applied hydraulic geometry relations:
where exponents b, f, and m are determined by the following relationships:
Although ␣ 2 is a function of e only as shown in Eq. ͑39͒, ␣ 1 is a function of both e and j as demonstrated in Eqs. ͑36͒ and ͑37͒. In order to obtain the averaged values of ␣ 1 and ␣ 2 over the range of 2 ഛ e ഛ 100 at a high degree of accuracy, e is assigned with a series of values that start from 2 and then increase at increments of 1 until they reach 100. Consequently, j is assigned with values that vary from 0.5 up to its upper limits e u . Under the condition of 2 ഛ e ഛ 100, it can be determined from Eq. ͑26͒ that these upper limits take values of 1.58, 1.65, and 1.72 for the lower, upper, and flatbed flow regimes, respectively. They are slightly larger than 1 + x or ͑i + j͒ * for the corresponding flow re-gimes. Hence the variation of j covers both nonlinear ͓j Ͻ ͑i + j͒ * and j Ͼ ͑i + j͒ * ͔ and linear ͓j = ͑i + j͒ * ͔ parts of the general condition of stationary equilibrium in Eq. ͑18͒ or Eq. ͑19͒.
With these assumptions, detailed numerical computations and regression analyses are undertaken with Microsoft Excel. It is found that statistically satisfactory values of ␣ 1 and ␣ 2 can be obtained for the assigned values of j within the range of j ഛ 1+x in all three flow regimes because all the complicated functions on each of the right-hand sides of Eqs. ͑37͒ and ͑39͒ show monotonic variations with e . The fitted values of ␣ 1 and ␣ 2 and the squares of correlation coefficients, or r 2 , between the items on the left-hand side of each relationship in Eqs. ͑37͒ and ͑39͒ and their corresponding items on the right-hand side are presented in Table 1 .
The values of b, f, and m obtained in terms of Eq. ͑41͒ and the values of ␣ 1 and ␣ 2 presented in Table 1 are plotted against the corresponding values of j in Fig. 2 . It is noticeable in the figure that with an increase in j from 0.5 to its upper limits determined by the condition of 2 ഛ e ഛ 100, b progressively decreases from a value greater than 1.0 downwards to about 0.5. In contrast, f and m progressively increase from values that are either negative or just above zero upwards to about 0.3 and about 0.2, respectively. In the special case of j = ͑i + j͒ * =1+x, at which the general nonlinear condition of stationary equilibrium in Eq. ͑18͒ or Eq. ͑19͒ becomes a simple linear function, the averaged values of b, f, and m are very close to field observations. However, the obtained averaged values of b, f, and m can get even closer to field observations when j is slightly larger than 1 + x but less than its upper limits. The cause for that the closest values of b, f, and m do not occur exactly at j =1+x or j = ͑i + j͒ * for i = 0 may be because: ͑1͒ field observations are statistical results; and ͑2͒ the theoretical results of this study are based on both semitheoretical flow resistance relationships and power-function approximations for complex equilibrium channel geometry relations. Despite this slight inconsistency, it appears in general terms that alluvial channel flow indeed tends to exhibit a linear characteristic when it achieves stationary equilibrium.
Physical Implications of H
In terms of the linear characteristic of alluvial channel flow presented in Eqs. ͑28͒-͑31͒, a nondimensional number H can be defined as
As a result, alluvial channel flow in equilibrium includes the following three cases:
where k can be determined from the following relationship according to Eq. ͑30͒: 
As stated earlier, the value of j in Eq. ͑44͒ is subject to the condition of j =1+x − i for the generalized sediment transport formula in Eq. ͑14͒. In the special case of i =0, j =1+x and so k can be determined as It is interesting to note in Eq. ͑45͒ that for different flow regimes, k varies only slightly and a constant of 0.3 appears acceptable for all three flow regimes. The existence of a scale independent nondimensional number, or H, in alluvial channel flow is the outcome of the physical mechanism by which alluvial channel flow achieves equilibrium for transporting sediment load. As noted in the generalized sediment transport formula of Eq. ͑14͒ and the relationship of Q sc = q sc B, the sediment transporting capacity Q sc ϭfunction of both channel width B and flow shear stress 0 for a given sediment size. Nevertheless, there exists a quasi-parabolic ͑rising and falling͒ relationship between average flow shear stress 0 and channel shape factor in Eq. ͑16͒, while a monotonic relationship maintains between channel width B and in Eq. ͑12͒. As a result, 0 plays a major role in transporting sediment load in a narrow and deep channel, quantitatively resulting in H Ͼ k. While in a wide and shallow channel, the role of B overweights that of 0 , yielding H Ͻ k. Only in the ideal case where both the roles of 0 and B are equally significant within a channel that is neither very wide and shallow nor very narrow and deep does H = k occur. Importantly, the existence of H demonstrates that geometrically distorted models are inevitable when modeling sediment ͑bed-load͒ transport in alluvial channels. In the construction of such a distorted model, nevertheless, the value of H is a scale independent number and so needs to be kept unchanged in order to achieve similarity between a prototype and the model. This helps to clarify the confusion over what similarity criterion needs to be imposed in modeling alluvial channel flow. For a long time, the following nondimensional empirical criterion has been adopted for the same prototype bed material ͑e.g., Einstein and Chen 1956; Bogárdi 1974͒ :
where d r , h r , R r , and S r represent the scaled forms of sediment size d, flow depth h, hydraulic radius R, and channel slope S, respectively. In a comparison with the definition of H in Eq. ͑43͒, it can be noted that this criterion considers the scaling effect of shear stress only and ignores that of channel shape on sediment transport. Recently, Griffiths ͑2003͒ suggested the following criterion for constructing a distorted river model:
where B r = scaled form of channel width B. Although this criterion is different to the scale independent number H defined in Eq. ͑42͒ in our study, it considers the scaling effect of channel shape and yields scaling relations that are consistent with empirical hydraulic geometry and regime relations. However, Griffiths did not provide an explanation of the physical cause for his criterion. In contrast, the scale independent number H defined in Eq. ͑42͒ in our study is based on the physical condition for flow to achieve stationary equilibrium. As demonstrated in the earlier part of this study, the theoretically derived equilibrium channel geometry relations in the situation of H = k are also consistent with widely identified empirical hydraulic geometry relations. The adoption of H as a criterion of hydraulic similarity thus has a much more solid basis than that purely derived from empiricism or from a nonphysically based mathematical manipulation. Furthermore, H directly measures the state of equilibrium and the efficiency of flow in alluvium. Although Huang and coworkers ͑Huang and Nanson 2000 , 2001 Huang et al. , 2004a ,b͒ illustrate the concept of maximum flow efficiency ͑MFE͒ in detail, their expression of the index of flow efficiency in terms of sediment discharge and stream power is in a complicated form, as demonstrated by Huang and Nanson ͑2002͒. As a result, the application of the concept of MFE has been limited. In contrast, H can be easily determined from Eq. ͑42͒. As shown clearly in Eq. ͑42͒, when H = k = 0.3, alluvial channel flow will be in stationary equilibrium and at the most efficient state. While in the case of either H Ͼ 0.3 or H Ͻ 0.3, flow is in dynamic equilibrium and so it needs to spend excess energy in a channel that is narrow and deep or wide and shallow, respectively. In this less efficient state, the situation of H = 0.3 can occur only when the excess energy is fully expended. As analyzed by Huang et al. ͑2004a͒ , variations in river channel planform normally occur at this less efficient state. Therefore it can be expected that a detailed study of the occurrence of H = 0.3 in the field may lead to a better understanding of the behavior of flow in other than single-thread straight alluvial channels.
Discussion and Conclusions
Dynamic motion occurs under numerous equilibrium states, among which stationary equilibrium plays a controlling role as illustrated in both classic and quantum mechanics in general ͑e.g. Lanczos 1952; Dugas 1957; Courant and Hilbert 1963; Kroemer 1994͒ and in open channel flow by Henderson ͑1966͒ and Huang et al. ͑2004a͒ in particular. For flow in a rigid open channel with no bed sediment, this control is in a linear form. For flow in alluvium, this study finds that the control also tends to be in a linear form.
By formulating the control in a direct form following a variational approach, our detailed mathematical analyses show that the commonly applied sediment transport formulas are very close to the condition that makes flow attain stationary equilibrium in a linear form. Typical formulas of this kind are the Meyer-PeterMüller ͑1948͒, the U.S. Waterways Experiment Station ͑1935͒, and the Parker ͑1979͒ formulas. On the contrary, those less commonly applied sediment transport formulas fall considerably away from the linear condition, such as the DuBoys ͑1879͒ and the O'Brien and Rindlaub ͑1934͒ formulas.
Furthermore, this study demonstrates that when the linear form of the control is incorporated into flow continuity and resistance relationships, the mathematically derived equilibrium channel geometry relations are very close to their widely observed counterparts.
Moreover, this study finds that the linear condition for flow in alluvium to achieve stationary equilibrium yields a physically based scale independent number H defined in Eqs. ͑42͒ and ͑43͒.
